Abstract. We obtain a characterization of non-negative double sequences V (V(n 1 , rz 2 )),, and U = (U(n i , n 2 )), 1 ,, 2 for which the two-dimensional discrete Hardy operator H is bounded from 9(V) into £5 (U) whenever 1 <p < q < oo.
Introduction
The discrete two-dimensional Hardy operator is defined by (H1P)(ni,n2) = E E J 112 (ni,n2 e N0).
For the sake of simplicity and as in the continuous case, the non-negative double sequence Fi, i, is merely denoted by (i 1 , i2). Our purpose in this work is to derive necessary and sufficient condition on nonnegative double sequences U(n i , n 2 ) and V(n i , n2 ) for which there is a constant C > 0 such that ( oo no no no ' (1.1) n 1 0 n 2 0 n,=0 n2=0
(HF)(nI,n2)U(nI,n2)) c( >

11'(n i n 2 )V(nn))
for all double sequences (,.) > 0 and with 1 < p q < co. As in the continuous setting, U ( . ,.) and V( . ,.) will be called weights. As a rule, the boundedness (1.1) will be also denoted by H : -+ Inequality (1.1) is involved in many parts of Analysis as in questions of convergence and summability of double series, and in analysis of random walks on infinite graphs [2, 5, 7] .
Y. Rakotondratsimba: Institut Polytechnique St-Louis, E.P.M.I., 13 bd de l'HautiI, 95092 Cergy-Pontoise cedex, France According to B. Pachpatte [7] , the boundedness H : £, -' £ is true for V(n i ,n 2 ) = 1 and U(n 1 , n 2 ) = n'n' with I <p < . Later D. Y. Hwang [2] proved that H : £, -ep whenever U(n i ,n 2 ) = A i (n i )A(n 2 )[A 1 (1) Recently Z. Németh [6] proved that H £, -£, whenever V(n i , n2 ) = vi (ni)v2(n2) and vi ( n 1 ), v2 (n2 ) are quasi-geometrically decreasing. For all of these quoted results in [2, 6, 7] the weights are of product types in the sense that V(n i ,ri 2 ) = v 1 (ri 1 )v2 (n2 ) and U(n i ,n 2 ) = u 1 ( n 1 ) u 2 (n2 ). These twodimensional results with weights of product types are actually consequences of the one-dimensional ones [4] . And the crux of the matter is about weights not of product types like W(n i ,n 2 ) = (n 1 + n2) 3(flh+02) and W(n j ,n2 ) = (n i + n2)_(fli+fl2). A first investigation in this direction was done by A. Kamaly and the author in [4] .
In this work we find a necessary and sufficient condition on weights U( . ,.) and V(.,.)
for which H t, -+ £. Indeed, until this paper, a characterization result seems not available in the literature. However, the analogue integral inequality
was already solved fifteen years ago by E. Sawyer [8] . Consequently, the present work aims to fill this gap between the discrete inequality (1.1) and its continuous version (1.2): To derive the characterization for H £, -£, as in [3] (see Section 3), our idea will make use of the fact that there is some equivalence between (1.1) and (1.2) for some judicious choice of the weights u( . ,.) and v(.,.).
Our results are stated in the next Section 2, and their proofs will be performed in Section 3.
The results
Throughout this paper it is always assumed that
and are weight functions defined on N.
To simplify and avoid some inconsistencies, it will be supposed that V(n i , ri2 ) 0 0.
Recall that our purpose in this work is to derive a characterization of weights U(n j ,ri2 ) and V(n i ,ri2 ) for which H: £, -+ £. This last means that for some constant
for all double sequences F( . ,.) > 0.
Our main result reads as follows. 
forallRi,R2>0 
Although a characterization result is theoretically of great interest, it would be noted that a necessary and sufficient condition as the one obtained in Theorem 2.1 is not in general easy to handle in explicit computations. It means that other investigations on sufficient conditions (easily computable) for H £, -deserve to be done. This will be achieved by the author in a forthcoming paper.
For many problems in analysis in product spaces, it is useful to consider variants of the operator H like 00 00
(H i F)(n i , n 2 ) = .
F(i, i2). s i =n i t2=O
A characterization for H. £, -can be immediately obtained by using the above Theorem 2.1. Indeed, by duality arguments, the former boundedness is equivalent to H where pi = q', qi = p' (so p i :^ q i) and Vi(ni, n2 
Proofs of results
In this section we will give the details of the proof of Theorem 2.1 and sketch the arguments for Theorem 2.2. and V(n j ,n 2 ) as in identities (2.5) and (2.6). Thus conditions (2.3) and (2.4) follow readily from the boundedness H L -* as it is well-known in [8] . Consequently, the necessary part in the theorem is verified: B) Next we check that condition (2. 
Proof of Theorem
This last inequality implies immediately condition (2.2) (with A = C) by taking (nj, n2 ) = V' P' (n i ,n2 ) in its support {0,.. . , N1 } x {O,. .. , N2 } and by using the identity 0 -p')p + 1 = 0 -p').
Next the boundedness H : LP -L is implied by H : £, -'
as the following chain of computation shows: (x11x2)v(x1,x2) 
for all N1 , N2 E N0 . It is well-known that condition (3.4) implies the one-dimensional discrete weighted Hady inequality 
P(nin2)V(nin2))'
n j =0 n20
where c> 0 is a constant which only depends on the indexes p and q.
Estimate of S. The conclusion follows from condition (2.2) since
Estimate of 52. The main point is the Hardy inequality (3.7) (with N i = 0). The term 541 can be estimated just by using condition (2.2) since 
Indeed,
